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ABSTRACT

Digital image partitioning separates the foreground of an image from the background for subsequent
analysis. In literature, the variational global model is frequently employed for digital images
partitioning; however, it has been shown to underperform when the targeted object is situated near a
neighbouring object. To address this issue, researchers recently devised the variational interactive
model (VIM). However, because of the formulation’s non-convexity, it is sensitive to the placement of
the initial contour and provides inaccurate results if the initial contour is not positioned correctly.
Consequently, a new convex formulation of VIM was recently developed based on the chessboard
distance function, known as the Selective Segmentation based on Chessboard distance function (SSCD)
model. Although this model achieved better accuracy and efficiency in image partitioning and is less
sensitive to the initial contour’s location compared to the non-convex VIM, the partitioning process is
significantly slower, especially for large-sized images. This stems from the utilisation of a complex
penalty term and the approximation of the regularisation term during the energy minimisation phase,
which also impacts the accuracy of the partitioning results. This work contributes by proposing a new
convex VIM that omits the penalty term and avoids approximating the regularisation term. Moreover,

70



Journal of Information and Communication Technology, Vol. 24, Number 3 (July) 2025, pp: 70-89

the idea of utilising the projection method is proposed to speed up the partitioning process with
improved accuracy. Numerical experiments demonstrated that the proposed model achieved higher
accuracy and efficiency compared to existing models. The proposed model has the potential to be
formulated into a three-dimensional formulation in the future.

Keywords: Convex formulation, image partitioning, interactive segmentation, projection method,
variational interactive model.

INTRODUCTION

Image partitioning, also known as image segmentation, is a process of delineating an image into its
individual objects or regions that allows it to be applied in many applications such as medical image
analysis (Shewajo & Fante, 2023), pattern recognition, image understanding, and computer vision (Fang
et al., 2021; lkbal & Serap, 2023). Image partitioning can be defined as a process that divides a single
digital image into several segments (Tan, 2016). There are five image partitioning techniques, which
are thresholding, clustering, artificial neural network, edge-based, and region-based. Thresholding is a
straightforward yet effective technique for image partitioning that helps distinguish the foreground from
the background. According to Yogamangalam and Karthikeyan (2016), the thresholding procedure
converts a multilayer image into a binary and selects the appropriate thresholding T to divide the
image’s pixels into distinct regions and distinguish between foreground and background items.
However, thresholding has a well-known drawback of being sensitive to image noise.

The clustering technique divides an image into different classes without using any prior knowledge.
When objects are divided into groups, the clustering process occurs that makes the objects within one
group more similar to one another than to objects in another group (Sivachandiran, 2015). Hard
clustering, k-means and fuzzy clustering are several types of clustering algorithms (Yogamangalam &
Karthikeyan, 2016). However, the clustering method comes with limitations. According to Tyagi
(2017), the k-means clustering method, a widely used clustering method in clustering analysis, is
sensitive to images with noise. It also has no rules for choosing the K value, and sometimes issues a
misclassification. Another method, known as the Fuzzy C-Mean Clustering (FCM), which is an
improvement of the k-means algorithm, also faces the same issue as k-means clustering, as the main
limit of the standard FCM s that it is sensitive to noise (Tyagi, 2017). The abnormal feature of the
method, where the objective function does not take spatial information, tends to wrongly classify the
noisy pixel.

In the artificial neural network (ANN) technique, different components (neurons) are tied to weights
and connected via links (Sivachandiran, 2015). The technique develops knowledge in a manner similar
to how the human brain works and is handled by specific examples rather than being programmed to
perform a specific task. This approach begins by mapping an image into a neural network where each
neuron represents a pixel. The state of each neuron is then guided towards the least energy prescribed
by the neural network, while picture edges (the partitioning output) are retrieved using dynamic
equations. However, according to Salvi et al. (2021), while ANNs are powerful tools for image analysis,
there are also limitations to the method. For instance, deep networks are complex, as their parameters
need an enormous amount of training, and a single layer within the deep network can be difficult to
interact with. In addition, deep networks are highly reliant on the amount of data available (Azman et
al., 2024). Consequently, they are generally represented as a black box that does not explain predictions
in ways that a human can understand.
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The edge-based technique describes a model that transforms original digital images into edge digital
images and uses an edge detection function for the image partitioning process. Edges are important
characteristics for image analysis because they are regions of rapid change in the image intensity
function. A contour can be created by finding and connecting edges using edge detection. Some of the
most often used edge detection operators include Prewitt, Roberts, Sobel, and Laplace. They typically
entail creating curved line segments, or edges, from areas of discontinuity, according to research by
Chakraborty et al. (2018). However, they usually exhibit excessive sensitivity to image noise,
particularly when the noise is mistakenly detected as an image edge.

Region-based image partitioning techniques are built on continuity. By attempting to distinguish an
object’s pixels from their background pixels based on intensity, region-based partitioning techniques
attempt to identify image edges between regions that satisfy various homogeneity requirements (Jumaat
& Chen, 2019). Variational models are well-known region-based image partitioning techniques that
have been shown to be efficient for partitioning an object’s regions in many applications such as
computer vision (Zhu et al., 2022), coronary arteries image segmentation (Gu et al., 2020), and colour
medical and natural images (Yang et al., 2020). Additionally, as the variational models employ
minimisation-based mathematical models that are capable of adapting to image topological changes,
they are less sensitive to image noise compared to edge-based and clustering techniques. Additionally,
they are not dependent on the amount of data, as no training is needed compared to ANN-based
methods. Due to these strengths, variational models in digital image partitioning were the primary focus
of this research.

There are two categories of variational models: global and interactive. The model that is capable of
partitioning every object in an image based on predetermined attributes is known as the variational
global model (VGM). The models developed by Zhi and Shen (2018), Gu et al. (2020), Yang et al.
(2020) and Fang et al. (2021) are examples of VGMs. VGMs, however, are less effective in partitioning
only a specific object from an image (Abdullah & Jumaat, 2022). To partition a particular object of an
observed digital image, the variational interactive model (VIM) is more applicable. Effective VIMs
include the models proposed by Rada and Chen (2012), Li et al. (2016), Fang et al. (2019), Liu et al.
(2021) and Zhao et al. (2022). Although the models are capable of partitioning a specific object in an
image, they are sensitive to the initial segmentation contour’s location, as the formulations are
developed in a non-convex framework. To address this gap, this study aims to formulate a new VIM,
which is formulated in a convex framework, to partition a specific object in an image.

RELATED WORKS

VIM aims to partition a particular object within an observed digital image. In the image processing
community, the interactive variational model is also known as the variational selective segmentation
model. These models require the end user to be interactively involved in determining the targeted object
by defining a set of markers around it. The models will utilise the marker set to achieve an accurate
result. A subset of target objects or regions of interest in an image is partitioned using this model (Zhao
et al., 2022). Partitioning a specific object in a digital image is important in many applications, such as
in medical settings, especially in tumour shape analysis, surgical planning, robotics, and biometric
identification. There are many existing VIMs in the literature. However, due to the non-convexity of
the formulations, they are sensitive to the placement of the initial contour, resulting in inaccuracy if the
initial contour is improperly located in the images. To address the issue, researchers reformulated the
VIMs in a convex framework. Key studies in this area are summarised in Table 1, which highlights
their strengths and limitations and provides context for the development of the proposed new VIM.
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Table 1

Comparative Overview of Existing Convex VIMs

Author

Segmentation Model Strength Limitation
(Year) g g
A convex model with a .
. . Slow segmentation due to the
Convex Distance segmentation speed of
Spencer . . presence of a penalty term
Selective approximately 200 seconds L
and Chen . . and the approximation
(2015) Segmentation per image, based on a rocess for the regularisation
(CDSS) comparative study by Jumaat P term g
and Chen (2019)
A convex model without a
Jumaat and Dual Selective penalty term, whlc_:h results in Segmentaﬂo_n is slow for
. a faster segmentation process.  large image sizes due to the
Chen Segmentation . . e
(2019) (DUSS) The model is approximately — approximation process of the
33 times faster than the CDSS regularisation term
model
Selective A convex model using a Slow segmentation due to the
Abdullah Segmentation based  chessboard distance function, presence of a penalty term
and Jumaat on Chesshoard achieving a segmentation and the approximation
(2022) distance function speed of approximately 100  process for the regularisation
(SSCD) seconds per image term

Based on Table 1, the earliest convex VIM was the Convex Distance Selective Segmentation (CDSS),
proposed by Spencer and Chen (2015). However, Jumaat and Chen (2019) found that the CDSS model
was slow due to the existence of a computationally expensive penalty term in the model. Consequently,
they proposed the Dual Selective Segmentation (DUSS) model to eliminate the penalty term. They also
demonstrated that the formulation was based on a special case of the piecewise constant, where it was
limited to only two phases, which represented the foreground and background of the provided image.
In addition, the formulation of DUSS was convex, which made the model independent of the contour’s
initialisation. Results demonstrated that the DUSS was about 33 times faster than the CDSS model.

Another idea to improve the speed of the CDSS model was proposed by Abdullah and Jumaat (2022)
through the formulation of the Selective Segmentation based on Chessboard distance function (SSCD)
model by changing the Euclidean distance used in the CDSS model to the Chessboard distance function.
According to Lee and Horng (1996), the general expression of the Euclidean distance is more difficult,
which slows down the experimentation compared to the Chessboard distance function. Additionally,
the Chessboard distance produced less errors compared to the Euclidean distance (Chen et al., 2004).
In terms of computing efficiency and the precision of the segmentation outcomes, the SSCD model
exhibited better performance compared to the CDSS model. Nevertheless, the SSCD model utilised a
similar penalty term to that used in the CDSS model, which made the formulation computationally
expensive. Consequently, more processing time was needed to complete the image partitioning process,
especially for large image sizes. On top of that, all convex VIMs mentioned above employed an
approximation process of the regularisation term during the energy minimisation phase. This resulted
in the partitioning process becoming slower, especially for large-sized images and affected the accuracy
of the partitioning results.
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Based on the problems above, this study proposed a new convex VIM termed the Convex Selective
Segmentation (CSS), which is convex and utilises the Chessboard distance function in the formulation
without the penalty term. To further speed up the partitioning process, a projection method originally
proposed by Chambolle (2004) for the image denoising task was utilised to solve the proposed CSS
model. The following section outlines the methodology employed in the study. The next section
addresses the analysis and results, whereas the final section covers the conclusion and
recommendations.

METHODOLOGY

This section discusses the research methodology for the proposed model. Figure 1 illustrates the
framework of the methodology phases involved in this study.

Figure 1

Framework of the Research Methodology

Phase 1 |:> Data Acquisition |:> Publicly available datasets

Model Formulation Primal variable, s and dual
Phase 2 ‘
ase |::> (CSS Model) |::> vanable,ltv. E;m?ve the
penalty function

l

Solving the CSS Minimise alternately s

Model (without . ..
Phase 3
| upprosimating e || g proiection mthod
regularisation term) nd vanatyticatty

MATLAB Software.

Algorithm : S
Phase 4 |:'|> :> Stopping criterion:
Development Jumaat and Chen (2019)

ﬂ Accuracy: Hausdorff

Performance distance, Jaccard and Dice
Phase 5 |::> I:‘|> ’
Evaluation values

@ Efficiency: Processing time
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There were five phases involved in this study, as illustrated in Figure 1. The first phase was data
acquisition from available databases. Next was the formulation of the proposed CSS model. All the
steps to solve the proposed model are explained in detail in the next phase. After that, a MATLAB
algorithm was developed to implement the model. Finally, the proposed model’s image partitioning
results were compared to those of the existing models. The subsequent subsection provides a detailed
explanation of each phase.

Data Acquisition

Data acquisition was the first phase in this study. This study involved three representative medical
imaging modalities as case studies. The first case involves brain tumour segmentation using magnetic
resonance imaging (MRI) data obtained from Cheng (2017). The second case study focuses on
mammographic breast mass segmentation using images from Moreira et al. (2012). The third case uses
ultrasound images of breast masses from Rodtook et al. (2018). The images were selected because they
were challenging to be partitioned due to the existence of noise, blurred edges, low contrast and different
grey levels of intensity which reflect fundamental challenges commonly encountered in various
information and communication technology (ICT) based image analysis tasks, including document
analysis, security surveillance, satellite imaging, and industrial quality control. Thus, the segmentation
strategies developed and validated here are applicable to any ICT domain where accurate partitioning
of grayscale images is needed. In addition, the benchmark images, which are essential for comparing
and evaluating different models, were also retrieved from the same sources for this study. Each dataset
had four images selected from it, making a total of twelve test images.

Model Formulation

In this study, the SSCD model proposed by Abdullah and Jumaat (2022) was considered. The SSCD
model was a modified version of the CDSS model from Spencer and Chen (2015). In the SSCD model,
a set of markers, also known as a geometrical constraint, A was utilised, located near the targeted object

and formed a polygon P such that the point (xp, yp)e P . The distance energy term, D = J.Q Pp sdQ

was formulated in a level set function s(x, y)e[O,l] inanimage z =z(x,y) of domain Q such that the
point (x, y)eQ. The level set function s(x,y) represented the partitioning result either in binary

representation or contour (curve) representation. The Chessboard distance P.(x,y) was defined as
Pep (X, y) =max(| X=X, [,| y =, |) - Thus, the SSCD models were given as the following Equation 1.

msin{SSCD(s, 9, gz):IQ|Vs|E dQ+J~Q gs.dQ+9_[Q PCDsdQ+a_[Qq(s)dQ} (1)

The first term was the regularisation term with the coefficient E as the edge detector used to smooth
the segmentation result and stop the partitioned contour at the image edge during the partitioning

process. The function g =(g, —2)* - (g, —2)* in the second term was the fitting function to ensure the
partitioning contour fit the input image where g, was the average intensity inside the partitioning
contour while g, was the average intensity outside the partitioning contour. The third term, the distance

energy term, was utilised to capture a specific object in the image. The final term weighted by « was
the penalty function from Spencer and Chen (2015) to ensure the solution was bounded within 0 and 1.
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25-1) +&-1
It was defined as q(s)=[ (25—1)2+g—1J %+£arctan ( J +e with 6~0 . The
T &

SSCD model was solved using the Additive Operator Splitting (AOS) method introduced by Spencer
and Chen in 2015. Although the SSCD model achieved better accuracy and efficiency in partitioning a
moderate-sized image compared to the CDSS model, the partitioning process became significantly
slower, especially for large-sized images. The first reason was due to the application of AOS to solve

the model where the regularisation term |Vs|E was approximated so as 4 ~0 to avoid singularity

problem. Secondly, the penalty function, q(s) in the last term of the model was computationally

expensive. Besides affecting the efficiency, these problems also reduced the accuracy of the partitioning
result.

To address the limitations of the SSCD model, this study proposes a new convex VIM, namely CSS,
by introducing the dual variable in the original formulation of the SSCD model in Equation 1. This idea
allowed the penalty function in the SSCD model to be removed (Jumaat & Chen, 2019). Therefore, the
SSCD model was reformulated to obtain the proposed CSS model defined as in Equation 2:

. 1 2
min {CSS(S,V)=IQ|VS|EdQ+J.QngQ+6?J-QPCDVdQ+2—J. (s—v) dQ} (2)

s,ve[0,1] y Q

Note that Equation 2 involves two variables that need to be solved, namely the primal variable s and
the dual variable v that will be discussed later. To demonstrate the convexity of the proposed CSS

model, we first let CSS(s,v)=F(s,v)+G(s,v) , such that F(s,v)zziJ.Q(s—v)de and
Ve

G(s,v) =R(S) + J’Q(ngCD)de where R(s) = IQ|VS|EdQ. The function jQ(g +6OP, )V dQ

(dependent only on v) was convex as deduced from the work by Spencer and Chen (2015). According
to Boyd and Vandenberghe (2004), a function f :[J" —[1 is said to be convex if for all x,y e[]"
and for all w €[0,1], the inequality f(wx+(1—w)y)<wf(X)+@—y)f(y)holds. Therefore, to
show that R(s) and F(s,v) are convex, let s, s,, s;ands, be any functions in bounded variation (

S.,S,, 5,8, €BV(Qcl ")) such that s, #s, #s, #5s, . By definition of convexity given by Boyd and
Vandenberghe (2004), we arrived at the following Equation 3 for the function R(S) as follows:

R(ws, +(1—V/)SZ)=J.Q‘V((//51 +(1-y)s, )‘EdQ
jﬂ|wsl+(1—w)Vsz|EdQ

v[ Vsl dQ+(1-y)[ [Vs,|. d©
wR(s)+(1-y)R(s,)

©)

IA
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Similarly, the function F(s,V) can be represented by the following Equation 4:

Flw(s.s,)+(1-w)(s5,8,) ] =F[ws, +(1-v)s,ws, +(1-y)s, |

=ijg[wsl+(1—w)s3—y/sz—(1—1//)S4TdQ
j[l,, )+(1-y)(s,-s,)] dQ (4)

l//f dQ+Z(1 y/)j (s, 84)2dQ

=ny( S, )+ (1-w)F(s5.8,).
Equations 3 and 4 demonstrated that the functions R(S) and F (s, V) satisfied the definition of a convex
function. Since the sum of two convex functions was convex, the function CSS(s,v) = F(s,v) + G(s,V)
, which represented the proposed CSS model in Equation 2, was convex.

Solving the CSS Model
In order to solve the proposed CSS model of Equation 2, the energy minimisation concept was utilised.
CSS was minimised independently with regardto S and Vv to determine the minimiser, which was then

iterated until convergence. Thus, the following minimising problems were taken into consideration:

i)  Firstly, with the fixed v, the following Equation 5 of the functional CSS with respect to S
was minimised:

. 1 ,
msln{CSS = L2|Vs|E dQ+2—}/J'Q(s —V) dQ} (5)

i) Secondly, assuming that S was fixed, the following Equation 6 of the functional CSS with
respect to vV was minimised:

min{CSS =Iﬂgde+GIQPCDv dQ+2iIQ(s—v)2dQ} (6)
v Y

To solve Equation 5 without approximating the regularisation term, this study proposed the use of the
projection method by Chambolle (2004). The projection method was originally developed to address
the issue of image denoising and was regarded as an effective and quick solution. This study
demonstrated how to apply the projection method for the image partitioning problem in solving
Equation 5.

In order to apply the projection method to our proposed image partitioning model, the gradient and
divergence operators were defined as follows:
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The gradient operator with image size M (i, j) :

(Vs)i,j :((Vs)li,j'(vs)zi.j)

(Vs), j z{cs)m,j =S ': I < m
' IT 1=

(VS)Z _JSia S if j<M
o if j =M

The divergence operator dual variable q= (g, -0,):

qL; -0y if 1<i<M 9%, —0% . if 1<j<M
(V'Q)i,j =104 if i=1 + 20 if j=1
—q'iq; if i=M 01 if j=M

Thus, following the work from Chan et al. (1999) and Chambolle (2004), Equation 5 can be written as
Equation 7:

maxmin_[QsV-q+2i(s—v)2dQ (7
V4

la<E s

The minimisation with respect to s resulted in the following Equation 8:
1
V-g+=(s-Vv)=0=s=v-)»V-(q (8)
Y
Upon substituting Equation 8 into 7, the following Equation 9 was obtained:

max [ (V= Q)V-q+7(V-)*dQ ©)

lal<E

which can be simplified to the following Equation 10:

maxjgvv-q—g(v-q)zdg (10)

lal<E

Variation of energy of Equation 10 with relation to the vector field q resulted in the following Equation
11:

[ v+ (V- p)-5qdQ (11)
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The optimality condition was provided together with the point-wise constraint |q|2 ~E?<0 as in
Equation 12:

-V(V-q-v)+rq=0 (12)

The function r >0 was denoted as the Lagrange multiplier. As demonstrated by Chambolle (2004),
Equation 12 can be written as Equation 13:

VOV -g-v) -r*E*(x)=0 (13)

where r =E|V(7/V~q—s)|. Using this information, we arrived at the following Equation 14 as

follows:
1
—V(W'q—v)+EIV(W-q—v)|q=0 (14)

For the solution of Equation 14, we employed the semi-implicit gradient descent with a time step ot
(Chambolle, 2004). The result is given in Equation 15 as follows:

qn+1 — q —g-ftV(v -q _V/7/) (15)
1+ Z|V(V-q"=v/y)
E
Now, to solve Equation 6, an analytical approach could be used, which resulted in Equation 16:
v =min{max{s(x) - yg - y6P.,,0} 1} (16)

Algorithm Development

We applied the alternating minimisation approach to solve the CSS model in Equation 2, where we first
solved Equation 5, followed by Equation 6 alternately, until the stopping criterion was met. In this
study, we adopted the stopping criterion from Jumaat and Chen (2019) defined as

"Sn — Sn—l|| ”Vn _Vn—1|| ; ; ; — 105
max , <tol where nisthe number of iteration, the tolerance value, tol = 10™ and
sl Macl

maximum iteration, maxit = 5000. The image partitioning process of the CSS model terminated when
the relative change in both the primal variable s and the dual variable v fell below the specified tolerance,
tol or when the number of iterations exceeded maxit. All calculations were implemented using the
MATLAB R2017b software. The MATLAB algorithm, as shown in Algorithm 1, outlines the steps
involved in the implementation process.
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Algorithm 1. The Algorithm to Solve the CSS Model
1.  Load the input image in MATLAB using ‘imread’ command.

2. Set values of tol=10"°, maxit=5000,  =0.09, 5t =0.0001 and specify the marker set.

3. Set ¢ = [1000, 5000] depending on the input images. The value of & is large if the targeted
object is close to the neighbouring objects.

4. Compute the image edge, E and the Chessboard distance P.;(X,Y).
5. Define the initial contour s that is generated by the marker set.
6. Initialise iteration counter n=1.
7. Repeat until convergence or maximum iterations:
a) Evolve s according to Equation 8 and 15 to obtain s, .
b) Update v using Equation 16.
C) Check for convergence:

Isal Vo
stop (maximum iterations reached).
d) Increment N<«—n+1

If max(||Sn ~Suaf [ _V“”J<tol then stop (converged). Otherwise, if n> maxit,

Performance Evaluation

In the final phase, the performance accuracy of the model was evaluated using Jaccard coefficient (JC),
Dice coefficient (DC), and Hausdorff distance (H), similarly to what was done in Azman et al. (2024).

/|Sq US.| while the formula for Dice was

The formula for Jaccard was JC =[S, NS.
DC =S, N S.|/|S,|+]S.

was the true set of the targeted object. The return value of the similarity function was between 0 and 1.
The closer the result value to 1, the higher the level of perfection of the image partitioning result. The

where S, was the set of partitioned domains of the targeted object and S.

aes, bes bes. a€Sq

formula for H was H(S,,S.) :max(supinf k(a,b),supinf k(a, b)) where k(a,b) was the Euclidean

distance between a and b. The smaller the H (approach to zero), the more accurate the image partitioning
result. The efficiency of the model was analysed by computing the processing time in MATLAB.

ANALYSIS AND RESULTS

Two sets of experiments are presented in this section to compare our new model to existing models.
Using the DUSS, SSCD and CSS models, we conducted an image partitioning comparison on three
case studies where each case study consisted of four test images in Experiment 1. Two models with
higher accuracy were chosen to be compared in Experiment 2. Experiment 2 depicts the experiment on
partitioning different sizes of images using the chosen models.

Experiment 1: Image Partitioning Comparison of DUSS, SSCD and CSS Models
In Experiment 1, test images from the MRI of brain tumour (first case study), mammaographic breast

masses (second case study), and ultrasound breast masses datasets (third case study) obtained from
online databases were partitioned by the new proposed CSS model and the existing DUSS and SSCD
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models. All twelve test images were of size 128 x 128 pixels. The results in partitioning the MRI of
brain tumour, mammographic breast masses and ultrasound breast masses are displayed in Figures 2, 3
and 4, respectively.

Figure 2

Image Partitioning Results on MRI Brain Tumour Images

Test Image DUSS SSCD CSS

(d)

@ 0 © ()

(k) (1)
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Figure 3

Image Partitioning Results on Mammographic Breast Mass Images

Test Image DUSS SSCD CSS

_A

@ (b) (d)
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Figure 4

Image Partitioning Results on Ultrasound Breast Mass Images

Test Image DUSS SSCD CSS

(0) (p)

Based on Figures 2, 3 and 4, the first column represents the test images with the set of markers in green
and the initial partition contour in yellow. This is followed by the second, third and fourth columns that
represent the partitioning results in binary form generated by DUSS, SSCD and the proposed CSS
model, respectively. According to Figures 2, 3 and 4, all models were capable of capturing all targeted
objects. However, the image partitioning results obtained from the DUSS and SSCD models showed
noticeable over-segmentation in several cases when compared to the proposed CSS model. Over-
segmentation refers to the inclusion of undesired regions outside the intended object boundaries, often
caused by sensitivity to nearby structures with similar intensity levels. This issue is particularly evident
in Figures 2(g), 2(0), Figures 3(j), 3(n), and Figures 4(f), 4(9), 4(j), and 4(k), where the DUSS and
SSCD models failed to fully suppress adjacent background regions, especially when the target object
was close to other anatomical structures or exhibited blurred boundaries. In contrast, the CSS model
produced more accurate delineations with tighter adherence to the true object boundaries, demonstrating
its improved selectivity and robustness against background interference. For quantitative analysis, we
provided the values of average processing time, H, JC and DC in the following Figure 5.
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Figure 5

The Average Values of Processing Time, H, DC and JC for All Models
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The experimental results presented in Figure 5 provide a comparison of three image partitioning models:
DUSS, SSCD, and CSS, evaluated based on their average processing time in Figure 5(a), H in Figure
5(b), DC in Figure 5(c), and JC in Figure 5(d). These metrics are critical in assessing the trade-off
between computational efficiency and segmentation accuracy. The processing time for each model
demonstrates significant differences in computational efficiency. The CSS model achieved the lowest
processing time at 7.448 seconds, followed by DUSS at 25.471 seconds, whereas SSCD exhibited the
highest processing cost at 172.507 seconds. This indicated that CSS was approximately 23 times and 3
times faster than the SSCD and DUSS maodel, respectively or 71% faster than DUSS and 95.7% faster
than SSCD, making it the most computationally efficient model.

H is a critical metric for assessing boundary accuracy, where lower values indicate better performance.
Based on Figure 5(b), CSS achieved the lowest H value at 5.126, outperforming DUSS (5.974) and
SSCD (7.148). This signifies that CSS reduced the segmentation boundary deviation by 14.2%
compared to DUSS and by 28.3% compared to SSCD, reinforcing its better performance in boundary
preservation. The DC and JC are widely used metrics for evaluating segmentation accuracy. Higher
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values indicate better model performance. Based on Figure 5(c), CSS attained the highest DC at 0.940,
marginally outperforming DUSS (0.935) and significantly surpassing SSCD (0.909). This improvement
translated to a 3.4% accuracy gain over SSCD. A similar pattern can be observed in Figure 5(d), where
the proposed CSS achieved the highest JC at 0.888, followed closely by DUSS (0.880) and SSCD
(0.835). CSS exhibited a 6.35% higher Jaccard score than SSCD, while DUSS remained 5.4% superior
to SSCD.

From Experiment 1, we can conclude that CSS was the optimal model and achieved a better balance
between computational efficiency and segmentation accuracy. This indicated the effectiveness of using
the regularisation term without approximation in solving our model through the projection method.
Additionally, introducing the dual variable in the formulation to replace the high computational penalty
term was capable of increasing the efficiency of the proposed CSS model. The results also indicated
that the DUSS model achieved the second-highest segmentation accuracy, while SSCD demonstrated
clear limitations of efficiency and accuracy. In the next experiments, we were interested in further
comparing our CSS model with the chosen DUSS model using different image sizes.

Experiment 2: Testing Different Image Sizes for DUSS and CSS Models

In Experiment 2, both DUSS and CSS models were tested with different image sizes of 64x64 ,
128x128, 256 x 256 and 512x512 pixels. A sample brain tumour dataset was used in this experiment.
Figure 6 shows the output images of the experiment.

Figure 6

Image Partitioning Results on Different Image Sizes for DUSS and CSS Models

Image 64 x 64 128x128 256 x 256 512x512
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Figure 6 presents a qualitative comparison of the segmentation results in contour form obtained using
the DUSS and CSS models across different image resolutions. All models were capable of partitioning
all the targeted objects in the images. Quantitative results demonstrated that both DUSS and the
proposed models had similar accuracy values of H=1, JC=0.8065 and DC=0.8929. In addition to
accuracy, computational efficiency was a critical factor in evaluating the image partitioning models.
Figure 7 illustrates the processing time required by each model at different image sizes.
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Figure 7

The Average Processing Time (s) at Different Image Sizes for DUSS and CSS Models
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Figure 7 revealed that CSS significantly outperformed DUSS in terms of speed. For images of size 128
x 128, the CSS model was approximately 4.05 times faster than DUSS, reducing the processing time
by 75.3%. As the image size increased to 256 x 256, CSS maintained its efficiency and processed the
image 15.27 times faster than DUSS, corresponding to a 93.45% reduction in execution time. The
computational advantage became even more pronounced at higher resolutions, where for 512 x 512
images, CSS was 43.39 times faster, achieving 97.69% reduction in processing time. These findings
indicated that while both models achieved effective segmentation, the computational cost of DUSS
increased exponentially, whereas CSS scaled efficiently with image size.

The primary explanation for the outcomes in Experiments 1 and 2 was the approach of neglecting the
penalty function in the proposed CSS model. Furthermore, the application of the projection method
enabled the solution of the CSS model to be computed without the need to approximate the
regularisation term. Conversely, the DUSS and SSCD models incorporated a penalty function, and both
models were resolved by approximating the regularisation term, which decreased the effectiveness and
efficiency of their outcomes.

Overall, the CSS model demonstrated better segmentation accuracy and significantly improved
computational efficiency. It consistently preserved sharper boundaries, reduced image partitioning
errors and improved localisation accuracy. Furthermore, the substantial reduction in processing time,
particularly for high-resolution images, underscores the scalability of CSS, making it a suitable choice
for many applications such as medical imaging applications, remote sensing, robotic vision and satellite
or aerial imagery.
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CONCLUSION

The focus of this study was to formulate a new convex VIM termed the CSS model. This new model
adopted the chessboard distance function and the dual variable ideas to replace the Euclidean distance
and the penalty term respectively to reduce the complexity of the CSS model. Since the existing models
approximated the regularisation term to deal with the singularity problem, we proposed using the
projection method to address the issue. Thus, the CSS model was capable of being solved without the
approximation of the regularisation term. To compare the performance of the existing model with the
CSS model, two different experiments were used. Experiment 1 compared the image partitioning results
from the existing DUSS and SSCD maodels with the proposed CSS model. Results indicated that the
CSS model achieved the highest accuracy and efficiency, followed by the DUSS model and finally the
SSCD model. In Experiment 2, we chose the DUSS model to be compared with the CSS model to
partition different sizes of images. The numerical experiment indicated that while both models achieved
effective segmentation, the CSS model significantly outperformed DUSS in terms of efficiency. The
primary limitation of the suggested CSS model was the necessity of employing a trial-and-error
methodology to select an ideal combination of parameters involved in the formulation to get satisfactory
results. Additionally, while the model performed well on grayscale medical images, preliminary testing
indicated that its performance may degrade when segmenting extremely noisy images. Furthermore,
while the current study focused on two-dimensional grayscale images, scalability to three-dimensional
or colour image data presents computational and formulation challenges. Handling volumetric data
would require an efficient extension of the dual variable formulation and projection method in higher
dimensions, which remains an open area of research. Likewise, the generalisability of the CSS model
to other domains such as natural images, satellite imagery, or industrial visual inspection requires
further validation on diverse datasets with varying characteristics and noise models. Future work may
focus on automating the parameter selection process using optimisation or learning-based methods,
extending the model to support three-dimensional and colour image segmentation and validating its
applicability across broader ICT domains. Developing robust failure detection mechanisms and
adaptive strategies to handle noisy, low-contrast or texture-rich images is also a promising direction.
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