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ABSTRACT

The fuzzy C-ordered-means clustering (FCOM) is a fuzzy clustering
algorithm that enhances robustness and clustering accuracy through
the ordered mechanism based on fuzzy C-means (FCM). However,
despite these improvements, the FCOM algorithm’s effectiveness
remains unsatisfactory due to the significant time cost incurred by
its ordered operation. To address this problem, an investigation was
conducted on the ordered weighted model of the FCOM algorithm
leading to proposed enhancements by introducing the beta distribution
weighted fuzzy C-ordered-means clustering (BDFCOM). The
BDFCOM algorithm utilises the properties of the Beta distribution
to weight sample features, thus not only circumventing the time
cost problem of the traditional ordered mechanism but also reducing
the influence of noise. Experiments were conducted on six UCI
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datasets to validate the effectiveness of the BDFCOM, comparing
its performance against seven other clustering algorithms using six
evaluation indices. The results show that compared to the average of
the other seven algorithms, BDFCOM improves about 15 percent on
Fl-score, 11 percent on Rand Index, 13 percent on Adjusted Rand
Index, 3 percent on Fowlkes-Mallows Index and 16 percent on Jaccard
Index. For the other two ordered mechanism FCM algorithms, the
time consumption was also reduced by 90.15 percent on average. The
proposed algorithm, which designs a new way of feature weighting
for ordered mechanisms, advances the field of ordered mechanisms.
And, this paper provides a new method in the application field where
there is a lot of noise in the dataset.

Keywords: Fuzzy clustering, beta distribution, feature weighted,
ordered mechanism.

INTRODUCTION

With the advent of the big data era, data presents unprecedented
richness and complexity. How to mine valuable information from
these data has become a common focus of researchers and industry
players (Harumeka & Purwa., 2023; Song et al., 2023; Sutranggono
et al., 2024). Fuzzy clustering utilises fuzzy mathematics to quantify
the fuzzy relationship between samples so that it can accurately and
objectively characterise the distribution of samples (Seman & Mohd
Sapawi, 2018; Singh & Kumar, 2024; Wang & Xue, 2024). The fuzzy
C-means (FCM) algorithm is one of the representative algorithms
for fuzzy clustering (Davis & Economou, 1984). The FCM improves
the traditional clustering algorithm by introducing the idea of fuzzy
mathematics, which makes the clustering results more in line with
the actual situation of the data. However, the FCM also has some
shortcomings, the most prominent of which is the sensitivity to noise
data.

To address this problem, researchers have conducted extensive
research (Krishnapuram & Keller, 1993; Lu et al., 2024; Yin et al.,
2024). Leski (2016) proposed a fuzzy C-ordered-means clustering
(FCOM) algorithm. This algorithm effectively improves its robustness
and enables it to achieve better results when dealing with datasets that
contain noise. Besides that, the feature-weighted fuzzy C-ordered-
means clustering algorithm (FWFCOM) algorithm saves time and
cost by optimising the ordered mechanism (Yongli et al., 2019). It
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adopts the order of the samples instead of the sorting number, which
can represent the weights of the samples more accurately. However,
its performance is still low, and it cannot meet the needs of some
complex application scenarios.

Based on the limitation in the existing solution, this paper proposes
the beta distribution weighted fuzzy C-ordered-means (BDFCOM)
clustering algorithm. Building upon the foundation of the FCOM
algorithm, BDFCOM incorporates a feature weighting approach
utilising the beta distribution method. This strategy eliminates the
time-consuming ordered operations during the calculation process,
enhancing clustering efficiency. Additionally, the beta distribution
weighting method enhances the algorithm’s performance in handling
noise, improving results when dealing with datasets containing
substantial noise levels.

RELATED WORK

This section introduces knowledge of fuzzy clustering algorithms
and problems such as the FCOM algorithm, range normalisation and
beta distribution. This knowledge is preparatory to the algorithms
proposed in this paper.

FCOM algorithm

Fuzzy clustering algorithms, such as the FCM, are known for their
effectiveness in partitioning data into clusters. However, they often
struggle with robustness in the presence of noise data. To address
this limitation, Leski (2016) proposed the FCOM with the objective
function as Equation 1.

J(UﬁV):ZZﬁc[(uci)mD(xi’vc) (1)

This objective function is subject to Equation 2.

Y u,; €[0,1];
1<e<C

1<i<N (2)
C

z ﬂciuci = F;’

c=1

N
0<>u, <N.

i=1
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where f_ denotes the typicality represented by the ith sample in the cth
cluster, and F’ is the combined typicality of the ith data for all clusters.
F', uses the maximum value in the S-norm (Rovatti & Fantuzzi, 1996)
the formula is as Equation 3.

1<1<N ﬁlz Vv 1821 Vv 1831 Vv ci (3)
B, uses the algebraic product in the T-norm (Wu, 2022), the formula
is as Equation 4.

v ﬂct ﬂcil'IBcﬂ' Ich (4)

1<c<C
1<i<N

The function D(x,,v )is computed by H,, and E o D(x,v,)=

uj’ L.

ZD(X,,, Vi z cij ( cy) Ha.j is a weighted robust parameter. Commonly
used formulas are Equations 5 to 11 (Tyler, 2008):

0,E. =0;
H. = Q)
i {L(E )/ (E,;)’,E,; #0.

cij

0,E,; =0;
@ = ’ (6)
! 1/ cij Ec;'j * 0
1/8%|E. <6;
Hey N (7)
ci {1/(5| E, |l c,,l
H, = 0 Loy = ®)
1/{(E,;)'[1 +exp(-a( E,; | - B}, E,; #0.
0,E.=0;
He ©
cij {1/{ECU [1+exp(-a(| E,; [-B)]}, E.; #0.
H . 0, Ecu =0; , (10)
cij log(l+ czl)/Ecu’E #0.
- 0,E, =0;
o = log(1+E. ) | E,; |,E,; #0. (11)
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The parameter £, is the distance between x; and v, (the distance
between jth attribute of the ith sample and the jth attribute of the
center of mass of the cth cluster), with Equation 12.

Ecz'/' =X; =V (12)

Construct the sorting function =n( ):{1,2,...,N}—{1,2,...,N}, and
perform the ordered operation on all £, corresponding to the same

attribute in the same cluster to satisfy as Equation 13.

|Eczr<1)_/| < |Ec7r(2>./| < |Ec7r(3>./| Seer S |Ec7z(1v)j| (13)

According to the OWA operator, an operator a, similar to OWA (Garg
& Arora, 2019) can be obtained, and its sectional linearity can be
expressed as Equation 14.

a, = {[(PCN'i)/(2p,N)+O.5]/\1} v 0 (14)

where i denotes the ordered ordinal number, and the smaller the value
of i, the more advanced the ordinal, and the higher the corresponding
weight.

The S-shaped linearity of the operator a; can be expressed as Equation
15.

2.944

@ =1/ {l+expl—— (- p.N)]i (15)

a

where p,_, p, and p, are all greater than 0 and are used to control the
slope of the OWA.

For sectional linearity, the magnitude of & is from p N-p,N to p N+p,N
with a value domain of [1,0] in the form of a segmented descending
straight line, while for S-shaped linearity, the magnitude of £ is from
pN-p N to p N+p N with a value domain of [0.95,0.05] in the form of
an S-shaped descending curve.

The parameter 3, is obtained from ¢ obtained from the OWA operation
and the ordered function =( ):{1,2,...,N}—{1,2,....N}, i.e., 3

@ a;r"(/’) :

After minimising Equation 1, the iterative formulas for u,, and v, are

obtained as Equation 16 to 17. . .

V u, =FD(x,v)"" /[YB,D(x,v,)"]
t=1

1<i<N
l<e<C

(16)
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l<e<C
1<j<K

v Ve = [Z ﬂci (uci )m Hcg/xij ] / [z :Bci (uci )m Hcg,' ] (17)

Range Normalisation

The range of the attributes of the data affects the iteration of the
clustering centre, and the feature weights that most of the algorithms
add are also affected by the magnitudes of the different ranges
(Keshkeh et al., 2022; Khairuddin et al., 2023; Sainin et al., 2021).
Therefore, when confronted with data of different ranges or orders
of magnitude, performing some transformation on them is usually
necessary before comparing or computing (Abu-Shareha, 2022; Fauzi
et al., 2022; Sharif et al., 2024).

Range normalisation is one of the most commonly used methods
(Habib et al., 2024; Park & Eom, 2024; Yang et al., 2024). It eliminates
the interference caused by different scales on the data analysis by
linearly transforming the original data and mapping the data values
into specific intervals, such as [0,1] (Chen et al., 2024; Liao et al., 2024;
Roszkowska & Wachowicz, 2024). Range normalisation can improve
accuracy, efficiency and stability and reduce the risk of overfitting. In
addition, range normalization facilitates the interpretation of results
(Amorim et al., 2023; Herbreteau & Kervrann, 2024; Radzi et al.,
2024). The specific formula is Equation 18.
X — x_min

x_norm = . (18)
x.max — x.min

Where x_norm is the regularised data, x is the original data, and x_min
and x max are the minimum and maximum values in that dataset,
respectively.

Beta Distribution

The beta distribution is a continuous probability distribution defined
on the interval [0,1], denoted as x~Beta(a, f) (Forbes et al., 2011).
The flexibility of the beta distribution allows it to adapt to a wide
range of probability distributions of different shapes, thus making it
useful in a variety of application scenarios.
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The beta distribution’s Probability Density Function (PDF) is defined
as Equation 19.

. _x”‘*1 * (1—x)F 1
f(x; a!ﬁ) - B(a,ﬁ)

where x is a random variable taking values between [0,1]; o and £ are
the shape parameters of the distribution, which determine the shape
of the distribution.

(19)

The Beta function is defined as Equation 20.
1

B(a,B) = f e a-ofta (20)

Beta distribution can show a variety of shapes, including U-shaped,
bell-shaped, increasing, decreasing and even linear. When the values
of a and f are equal, the beta distribution exhibits perfect symmetry;
when the values of o and f are not equal, the beta distribution exhibits
skewness. This skewness allows the Beta distribution to describe data
with various degrees of skewness flexibly.

THE PROPOSED METHOD

This section explains the enhancements made in the BDFCOM
algorithm, specifically addressing the incorporation of beta distribution
weighted parameters and their subsequent optimisation.

To optimise the weights of feature attributes, we use beta distribution
to calculate the feature weights, which allows more flexibility in the
size of the weights and better reflects the impact of attribute size.

First, the BDFCOM algorithm’s objective function is Equation 21.

JU,V)= ii w,,(u,)" D(x,,v,) (21

c=1 i=1
where U is the CxN membership matrix, and each element u,
(u,, [0,1]) represents the membership of each sample to each cluster;
the parameter o , denotes the weighted value of beta distribution of
the ith data to the cth cluster; and D(x,,v,) denotes the distance of the
ith sample to the cth cluster, which can be computed from #,; and E,,

1e.,. D(x,v,)= iD(xij,vq) = iH/ {(E,) - Weighted robustness parameter
J=1 j=1
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H,, andresidual £ are calculated similarly to FCOM, using Equations
S5to 12.

The objective function is subject to Equation 22.

Y u, €[0,1];
1<e<C
1<i<N
C
Dou, =T; (22)
c=1
N
0<>u,<N.
i=1

where T} is the global beta distribution weighted value about the ith
sample, i.e., the combined typicality assessment of the ith sample
about all attributes for all clusters. Calculate 7, through the maximum
value method in S-norm as Equation 23.

N T=o,ve,ve,vevae, o3
For the beta distribution weighted value o, of the ith sample for the
cth cluster, it is calculated by the algebraic product method in T-norm
as Equation 24.

“ 24

where the parameter w,; denotes the beta distribution weighted value
of the jth attribute value of the ith sample to the jth attribute of the cth
cluster.

In the class FCOM algorithm, the construction of the ranking function
n( ):{1,2,...N}—{1,2,...,N} is performed based on E,, which is
responsible for ordering all the samples for each attribute of each
category. However, this ordered operation is very time-consuming,
especially when dealing with a large number of samples, attributes,
or categories. Moreover, the integer order obtained after ordering
has the problem of insufficient accuracy in the weight calculation of
Equations 14 and 15. Specifically, when there is an obvious affinity
difference in the relationship between samples, using integers to
represent the order of samples will ignore such subtle differences,
resulting in the algorithm not being able to accurately capture the
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actual relationship between samples, which in turn may affect the
accuracy of the clustering results.

To overcome this shortcoming, in this paper, the ordered mechanism
is first processed using the range normalisation method, after which
beta distribution is used to weigh the ordered items.

The samples under the same attribute are processed by using range
normalisation, as in Equation 25.

v Ecz‘j_gi%{Ecy‘} 25)
" max{E,|-min{E,|

The scope of the sample after the range normalisation is [0,1],
indicating the distance of the data to the centre of the cluster; the
smaller the value, the greater the impact on the cluster, and the higher
the corresponding weight; the BDFCOM uses Y, to indicate the sample
order, similar to the order i in Equations 14 and 15, and the smaller
the value of Y, represents the more forward the order in the ordering.

The range normalisation allows the importance of samples close to the
centroids to be more prominently represented. The centroids play a key
role in the clustering process, as they tend to be more representative
of the core features of that cluster. With range normalisation, the
influence of these samples can be captured more accurately, thus
improving the effectiveness of clustering.

Then, according to Y, which is brought to x in Equations 19 and 20, a
more refined Beta distribution weighting function is used to determine
the ordered weights ;.

There is a major problem with using continuous functions to compute
the weights of an algorithm: whenever the weights are computed,
integration is required. Such an operation consumes a lot of
computational resources and is less efficient. To solve this problem,
in this paper, Piecewise Cubic Hermite Interpolating is chosen as
the method for calculating the weights. After using the Piecewise
Cubic Hermite Interpolating method, the algorithm no longer needs
to perform the integral operation each time but directly obtains the
weight value through the interpolation function.
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After obtaining ®_;, ®,, is computed by using Equation 24.
With the constraints of Equation 22, using the Lagrange multiplier
method for Equation 21 and minimising it, the following Lagrange

function can be constructed as Equation 26.

JUVA) =S 0,00, DGxv) - ALY 0, -T] (26)

c=1 i=l
Equation 26 is used for U to obtain a partial derivation and set to zero
yields as Equation 27.

oJ .
— =ma,(u,)"" D(x;,v,)- 40, =0 27)
ou k
The u , can be obtained as Equation 28 using Equations 22 and 27:
1< ne
r\’v(/% U, = ];D(x,- 3 Vs )17’" / [; C()”-D(Xl. >,V )17’" ] (28)

Similarly, using Equation 26 to partialise and set zero for V yields as
Equation 29.

oJ y i
8_V - _22 a)ci (uci) Hcij (xij - ch) =0 (29)
i=1

The v,, can be obtained as Equation 30 using Equations 29 and 22.
N N

v VJ = [Z a)Ci (uci )m HCijxij ] / [Z a)Ci (uci )m H i ] (30)
i=1 i=1

l<c<C <y
1<j<K

The BDFCOM algorithm can be expressed in pseudo-code as
Algorithm 1.

Algorithm 1: BDFCOM

Step 1. Determine the number of clusters C and the weight index
m€(1,0). Choose thee- sensitivity dissimilarity measure. Choose the weighted
robustness parameter computation method. Initialise the membership
matrix U©. Setting the Iteration Threshold & w =1, H,=1, T=1 and set the
number of iterations 7=1;

Step 2. Construct the Beta Distribution function using Equations 19
and 20 with the number of samples N. The interpolation function PCHIP
is constructed by Piecewise Cubic Hermite Interpolating by taking 1000
discrete points uniformly in the interval;

(continued)
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Algorithm 1: BDFCOM

Step 3. Update the cluster center matrix V( using Equation 30;

Step 4. Update the residual E,; using Equation 12;

Step 5. Update the weighted robustness parameter H,,;
5to11;

Step 6. Calculate the dissimilarity metric distance D, ;

Step 7. Calculate the ordered ordinal number Y, using Equation 25;

Step 8. Calculate the Beta distribution weight of each attribute per
sample for each attribute per cluster w ; using interpolation function PCHIP;

Step 9. Calculate the Beta distribution weight of each attribute per
sample for each cluster o, using Equation 24;

Step 10. Calculate the Beta distribution weight for each sample 7; using
Equation 23;

Step 11. Update the membership matrix U™ using Equation 28;

Step 12. If [JUO-U®Y|| >¢ make T«—T+1 and go to Step 3; otherwise

using Equations

end.

ANALYSIS AND RESULTS

This section outlines the experimental setup. It encompasses the
dataset utilised and the evaluation employed to assess the performance
of the proposed BDFCOM algorithm.

Experimental Datasets
Six datasets are selected from the UCI database to evaluate the
performance of the BDFCOM algorithm. The information of each

dataset is shown in Table 1, and the experimental data used for the
experiments in this paper are real datasets (Markelle et al., n.d.).
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Experimental Results and Analysis

The experiment consists of two parts: the first part of the experiment
verifies the performance of the algorithm, including the robustness
under the original and noise datasets, and compares the BDFCOM
algorithm with the FCM, PCM, FCOM, FWFCOM, LKFCM_LK
(Huetal.,2021), LKFCM_FS (Huetal., 2021), and ANNDP_WFCM
(Chunhao et al., 2023) under six types of evaluation criteria; the
second part of the experiment focuses on evaluating the efficiency of
BDFCOM against FCOM-like algorithms.

In this paper, six evaluation criteria were used to comprehensively
evaluate the results, which are F1-Score, Rand index/adjusted Rand
index, Fowlkes-Mallows index, Jaccard index and time cost. Among
them, the F1-Score and Fowlkes-Mallows index takes precision and
recall into account; the Rand index was used to measure the degree of
consistency between clustering results and the real classification, while
the adjusted Rand index takes into account the randomised division,
which better evaluates the consistency of the clustering model with
the real classification; the Jaccard index is used to compare the degree
of similarity between clustering results and the real classification;
time cost is used to compare the algorithm’s computational efficiency
(Campello, 2007; Christen et al., 2023; Materum & Teologo Jr, 2021).

During the experimental process, for the seven algorithms, the fuzzy
index m = 2 was set; in the BDFCOM, the values of o and f from
Equations 19 to 20 were o = 2.5 and f = 0.4 for controlling the slope,
respectively; for Equation 7, the parameters of BDFCOM, FCOM,
and FWFCOM were set the same, the weighted robust function of
similarity measure was set with parameter 6 = 1.0 for thresholding
control; for Equations 8 and 9, the weighted loss function of similarity
measure was set with parameter o = 6.0 and parameter 5 = 1.0 for
controlling the slopes; for Equation 14, the parameter p, = 0.5 and
the parameter p, = 0.2 were set to control the slope of the segmented
linear OWA operator. For Equation 15, the parameter p, = 0.5 and
parameter p, = 0.2 were set to control the slope of the S-shaped
linear OWA operator. The clustering results of each algorithm were
evaluated by taking the average of 10 runs. Noise data were added to
the six original datasets in 10%, 20%, 30%, 40% and 50% to form the
noise dataset.

For the Iris, none of the algorithms broke down at 0-50% noise; for
the Zoo, the PCM broke down at 0-40% noise, and the rest of the
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algorithms did not break down; for the Win, the PCM broke down at
30-50% noise, the LKFCM_LK broke down at 20% and 50% noise,
and the rest of the algorithms did not break down. For the Waveform,
the PCM broke down at 0-50% noise, the FCM, FWFCOM, LKFCM _
LK, LKFCM_FS, and ANNDP_WFCM broke down at 10-50% noise,
and FCOM and BDFCOM broke down at 40-50% noise. For the
Pendigits, the PCM broke down at 0% and 20-50% noise, and the rest
of the algorithms did not break down. For the Lungcancer, the FCM,
PCM, FWFCOM, LKFCM LK, LKFCM FS, and ANNDP WFCM
broke down at 10-50% noise, and the BDFCOM did not break down.
1) F1-Score

Table 2 provides the experimental results of eight algorithms on the

six datasets. It can be seen that BDFCOM gets the highest value
among all the algorithms for the F1-Score.
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The experimental results for the noise dataset are shown in Figure
1. Excluding the F1-Score when the algorithm broke down, in the
Iris, Zoo, Win, Waveform, Pendigits, and Lung cancer, with the
gradual addition of noise data, the F1-Score of the BDFCOM was
better than that of the other algorithms in all cases. In the Iris, the
F1-Score of BDFCOM, FCM, and FWFCOM had the highest values
at the beginning, with the addition of noise data, when the noise was
added to 10% and 20%. The F1-Score of BDFCOM, FCOM and
ANNDP_WFCM were the highest when the noise was added to 30%.
The F1-Score of BDFCOM, FCOM and ANNDP WFCM had the
highest value, with the noise at 40%. The F1-Score of BDFCOM is
the highest value. When the noise was added to 50%, the F1-Score of
BDFCOM and FCOM were the highest value.

The average F1-Score of FCM, PCM, FCOM, FWFCOM, LKFCM __
LK, LKFCM_FS, ANNDP WFCM, BDFCOM on all datasets
for different noise ratios were 0.32(0.05), 0.17(0.02), 0.36(0.05),
0.33(0.05), 0.32(0.06), 0.29(0.06), 0.34(0.05), 0.46(0.04), and the
mean of the change in the F1-Score after the addition of noise data
is shown in parentheses. Combining « to f'in Figure 1, it can be seen
that with the increase of noise data, removing the F1-Score when the
algorithm breaks down, the F1-Score value of BDFCOM is higher
than (or equal to) the other algorithms. Among the relative changes,
FCOM and BDFCOM had small changes, FCM, PCM, FWFCOM,
and ANNDP_WFCM had moderate changes, and LKFCM LK
and LKFCM_FS had large changes. In conclusion, after adding
different proportions of noise data, BDFCOM had good robustness in
maintaining a high F1-Score.

Figure 1

Robustness Comparison. F'1-Score of Various Algorithms on Different
Datasets
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2) Rand Index/Adjusted Rand Index

Table 3 lists the experimental results of eight algorithms on the six
datasets. It can be seen that BDFCOM gets the highest value for the
Rand index. Among them, BDFCOM was better than other algorithms
for the Rand index in the Win and Pendigits. In the Iris, BDFCOM
obtained the highest value along with FCOM, FWFCOM, and
ANNDP WFCM,; in the Zoo, BDFCOM obtained the highest value
along with FCOM and LKFCM_FS. In the Waveform, BDFCOM
obtained the highest value with FCM; in the Lung cancer, BDFCOM
obtained the highest value with FCOM, LKFCM LK, and LKFCM
FS. To summarise, BDFCOM obtained the highest Rand index in the
experiment.
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The experimental results for the noise dataset are shown in Figure
2. Excluding the Rand index when the algorithm broke down, in the
Pendigits, with the gradual addition of noise data, the Rand index of
BDFCOM was better than the other algorithms in all the situations. In
the Iris, the Rand indexes of BDFCOM and FCOM, FWFCOM were
all the highest values initially. As the noise data were added when
the noise was 10-40%, the Rand index of BDFCOM was the highest
value, and when the noise was 50%, the Rand index of both BDFCOM
and FCOM was the highest value, and it can be seen that the Rand
index of BDFCOM is always at the highest value. In Lung cancer, the
Rand index of BDFCOM with FCOM, LKFCM LK, LKFCM_FS,
and ANNDP WFCM were initially at the highest value. As noise data
were added, the Rand index of BDFCOM was at its highest value
when the noise value was 10-50%, which can be seen that the Rand
index of BDFCOM is always at the highest value.

The Rand index of BDFCOM was also better than all other algorithms,
with the gradual addition of noise data in the Zoo, Win and Waveform.
The average Rand index of FCM, PCM, FCOM, FWFCOM, LKFCM
LK, LKFCM _FS, ANNDP_ WFCM, and BDFCOM with different
noise proportions for all datasets were 0.53 (0.03), 0.31 (0.05), 0.59
(0.02), and 0.54 (0.03), 0.54(0.03), 0.51(0.04), 0.54(0.03), 0.62(0.02),
and the mean of the change in the Rand index after adding noise
data is shown in parentheses. Combining « to fin Figure 2, it can be
seen that with the increase of noise data, excluding the Rand index
when the algorithm broke down, the Rand index of BDFCOM was
higher than other algorithms. Among the relative changes, FCOM and
BDFCOM had small relative changes, FCM, FWFCOM, LKFCM _
LK, and ANNDP_WFCM had moderate relative changes, and PCM
and LKFCM_FS had significant relative changes. In conclusion, after
adding different proportions of noise data, BDFCOM is robust enough
to maintain a high Rand index.
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Figure 2

Robustness Comparison: Rand Index of Various Algorithms on
Different Datasets

Rand index Rand index
1.00 0.90

0.85
0.80
0.75
0.70

0.65 1 @ ron

- rou

0.60 § - rcom

4 rwicom

0.551 _a- porcom
8- uarom i

0.50 37 rcuss

0,45 4 ¢ wwor_wrcn

Rand index
Rand index

0.40
035
0.30
0.60 ] 3 Ao wron 023 i
0.20
0 10 20 30 a0 50 0 10 20 30 40 50
The proportion of new noise (%) The proportion of new noise (%)

(a) Comparison of Iris (b) Comparison of Zoo

Rand index Rand index
100 075
-~ FCM & FCM
095 = o = o
e FCOM 0.70 e FCOM
0.90 2 rwrcon 3 con
= sorcom = aorcom
085 = lrou ik 0.65 ~ larcnix
= wass o urcnss
0.80 2 Ao wrcn b 2 e wrcn
015 :
x %
ik % s
o 0.65 bt
H 2 050
50604 4 2
055 S 04s
050 N /" N
- A\ y X 0.40
\ / N
0.40 \ \
'/\\*’ N 035 \ i Y % .
- ¥ » = 8 030
030 ¥
0 10 20 30 40 50 [ 10 20 30 40 50
The proportion of new noise (%) The proportion of new noise (%)

(c) Comparison of Win (d) Comparison of Waveform

Rand index Rand index
0.85 065
0.80
0.75 0.60
0.70
0.65 055
0.60
; 055 050
¥ 0.50 F
2045 2 i
g 0.40 g .
2035 2
0.30 - ANNDP_WFCM 0.40
0.25
0.20 035
015 J
09 =¥ 030
0.05
0.00
025
0 10 20 30 40 50 0 10 20 30 40 50
The proportion of new naise (%) The proportion of new noise (%)

(e) Comparison of Pendigits (f) Comparison of Lungcancer

Table 4 lists the experimental results of eight algorithms on the six
datasets. It can be seen that BDFCOM obtained the highest value
for the adjusted Rand index. Among them, BDFCOM was better
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than other algorithms for the adjusted Rand index in the Zoo, Win,
Pendigits, and Lung cancer. In the Iris, BDFCOM obtained the highest
value along with FCM and FWFCOM. In the Waveform, BDFCOM
obtained the highest value along with FCM. In summary, BDFCOM
obtained the highest adjusted Rand index in the experiment.
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The experimental results for the noise dataset are shown in Figure 3.
Excluding the adjusted Rand index when the algorithm broke down,
in the Win, Waveform, Pendigits, and Lung cancer, where the noise
data were added gradually, the adjusted Rand index of BDFCOM was
better than that of the other algorithms in all situations. In the Iris, the
adjusted Rand index of BDFCOM with FCM and FWFCOM was the
highest value initially. With the addition of noise data, when the noise
was 10-40%, the adjusted Rand index of BDFCOM was the highest
value, and when the noise was 50%, the adjusted Rand index of
BDFCOM and FCOM were the highest value. It can be seen that the
adjusted Rand index of BDFCOM always had the highest value. In the
Zoo, where noise data was gradually added, the adjusted Rand index
of BDFCOM was also better than the other algorithms. The average
adjusted Rand index of FCM, PCM, FCOM, FWFCOM, LKFCM_LK,
LKFCM_FS, ANNDP WFCM, and BDFCOM with different noise
proportions in all datasets were 0.28 (0.04), 0.09 (0.02), 0.28 (0.04),
0.27 (0.04), 0.27 (0.04), 0.22 (0.05), 0.28 (0.04), 0.37 (0.05), and the
mean of the change under the adjusted Rand index after the addition
of noise data is shown in parentheses. Combining « to f'in Figure 3, it
can be seen that with the increase of noise data, excluding the adjusted
Rand index when the algorithm broke down, the adjusted Rand index
of BDFCOM was higher than that of other algorithms. In conclusion,
after adding different proportions of noise data, BDFCOM had better
robustness in maintaining a higher adjusted Rand index.

Figure 3

Robustness Comparison: Adjusted Rand Index of Various Algorithms
on Different Datasets
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3) Fowlkes-Mallows Index

Table 5 lists the experimental results of eight algorithms on the six
datasets. It can be seen that BDFCOM obtained higher values for
the Fowlkes-Mallows index. Among them, BDFCOM is better than
other algorithms on Fowlkes-Mallows index metrics in the Zoo and
Pendigits. In the Iris, BDFCOM obtained the highest value along with
FCM, FCOM, and FWFCOM. In the Win, BDFCOM obtained the
highest value along with FCOM. PCM obtained the highest Fowlkes-
Mallows index in the Waveform, while FCM obtained the highest
Fowlkes-Mallows index in the Lung cancer, and the Fowlkes-Mallows
index of BDFCOM was close to them. To summarise, BDFCOM
obtained a higher (highest or better) Fowlkes-Mallows index overall
in the experiment.
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The experimental results for the noise dataset are shown in Figure
4. Excluding the Fowlkes-Mallows index when the algorithm broke
down, in the Pendigits, where the noise data were added gradually,
the Fowlkes-Mallows index of BDFCOM was better than the other
algorithms in all situations. In the Iris, the Fowlkes-Mallows index of
BDFCOM with FCM, FCOM, and FWFCOM was the highest value
initially. With the addition of noise data, the Fowlkes-Mallows index
of BDFCOM was the highest value when the noise was 10-40%,
and when the noise was 50%, the Fowlkes-Mallows index of both
BDFCOM and FCOM was the highest value. It can be seen that the
Fowlkes-Mallows index of BDFCOM always had the highest value.
In the Win, the Fowlkes-Mallows index of BDFCOM and FCOM
were both at the highest value at the beginning, and with the addition
of noise data, when the noise was 10-50%, it can be seen that the
Fowlkes-Mallows index of BDFCOM was at the highest value all the
time.

In the Waveform, the Fowlkes-Mallows index of BDFCOM and FCM
were both at the highest value at the beginning, and with the addition
of noise data, when the noise was 10-50%, it can be seen that the
Fowlkes-Mallows index of BDFCOM was at the highest value all the
time. In the Zoo and Lung cancer, where noise data were gradually
added, the Fowlkes-Mallows index of BDFCOM was also better than
the other algorithms. The average Fowlkes-Mallows index of FCM,
PCM, FCOM, FWFCOM, LKFCM_ LK, LKFCM_FS, ANNDP_
WEFCM, and BDFCOM with different noise proportions in all datasets
were 0.57(0.03), 0.53(0.01), 0.51(0.03), 0.57(0.03), 0.56(0.03),
0.54(0.04), 0.57(0.03), 0.58(0.03), and the mean of the change in the
Fowlkes-Mallows index after the addition of noise data is shown in
parentheses. Combining a to fin Figure 4, it can be seen that with the
increase of noise data, excluding the Fowlkes-Mallows index when
the algorithm broke down, the Fowlkes-Mallows index of BDFCOM
is higher than that of other algorithms. In conclusion, after adding
different proportions of noise data, BDFCOM had better robustness
in maintaining a higher Fowlkes-Mallows Index.
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Figure 4

Robustness Comparison: Fowlkes-Mallows Index of Various
Algorithms on Different Datasets
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4) Jaccard Index

Table 6 lists the experimental results of eight algorithms on the six
datasets. It can be seen that BDFCOM gets the highest value for
the Jaccard index. Among them, BDFCOM was better than other
algorithms on the Jaccard index in the Zoo, Win, Waveform, Pendigits,
and Lung cancer; in the Iris, BDFCOM obtained the highest value
along with FCM and FWFCOM. To summarise, BDFCOM achieved
the highest Jaccard index in the experiment.
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The experimental results for the noise dataset are shown in Figure 5.
Excluding the Jaccard index when the algorithm broke down, in the
Win, Waveform, Pendigits, and Lung cancer, with the gradual addition
of noise data, the Jaccard index of BDFCOM was better than that of
the other algorithms in all the situations. In the Iris, the Jaccard index
of BDFCOM with FCM and FWFCOM were all at the highest value
at the beginning. With the addition of noise data, when the noise was
10-40%, the Jaccard index of BDFCOM was the highest value, and
when the noise was 50%, the Jaccard index of BDFCOM and FCOM
were all at the highest value. It can be seen that the Jaccard index
of BDFCOM always had the highest value. With noise data added
gradually in the Zoo, the Jaccard index of BDFCOM was also better
than the other algorithms. The average Jaccard index of FCM, PCM,
FCOM, FWFCOM, LKFCM LK, LKFCM FS, ANNDP WFCM,
and BDFCOM with different noise proportions in all datasets were
0.30 (0.05), 0.15 (0.01), 0.34 (0.04), 0.31 (0.05 ), 0.30 (0.04), 0.26
(0.07), 0.32 (0.05), 0.44 (0.03), and the mean of the change in the
Jaccard index after adding the noise data is shown in parentheses.
Combining a to f'in Figure 5, it can be seen that with the increase
of noise data, excluding the Jaccard index when the algorithm
broke down, the Jaccard index of BDFCOM was higher than other
algorithms in whole. The relative changes of the Jaccard index of PCM
and BDFCOM were small, the relative changes of the Jaccard index
of FCM, FCOM, FWFCOM, LKFCM LK, ANNDP WFCM were
moderate, and the relative changes of the Jaccard index of LKFCM _
FS were large. For LKFCM_FS was relatively large. In conclusion,
after adding different proportions of noise data, BDFCOM is robust
enough to maintain a high Jaccard Index.

Figure 5

Robustness Comparison: Jaccard Index of Various Algorithms on
Different Datasets
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5) Time cost

Table 7 shows the running time of each clustering algorithm in the six
datasets. The experimental results show that FCM is the most efficient,
while FCOM, FWFCOM, and BDFCOM incorporate an ordered
operation and, therefore, have longer running times. However, the
time cost of the BDFCOM decreased drastically compared to FCOM
and FWFCOM because BDFCOM improves the ordering process,
which is the most time-consuming.
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Compared to FCOM and FWFCOM, BDFCOM reduced the runtime
on the Iris, Zoo, Win, Waveform, Pendigits, and Lung cancer by
95.07% and 87.93%, 55.06% and 93.09%, 93.85% and 84.00%,
99.09% and 99.43%, 99.98% and 99.14%, 92.58% and 82.61%,
with an average reduction of 89.27% and 91.03%. Especially for
the Waveforms and Pendigits, the reduction is more significant than
others because the time required for the ordered mechanism grows
geometrically as the amount and dimensionality of the data increases.
Using range normalisation and beta distribution weighted parameters,
the order can be obtained indirectly without a time-consuming ordered
mechanism, and the samples are subjected to weighting operations, so
the clustering efficiency is substantially improved.

In this section, the results suggested that BDFCOM improves by about
15% on Fl1-score, 11% on the Rand index, 13% on the adjusted Rand
index, 3% on the Fowlkes-Mallows index and 16% on the Jaccard
index as compared to the average of the other seven algorithms. For
the other two ordered FCM algorithms, the time consumption was
also reduced by 90.15% on average. The proposed algorithm, which
designs a new way of feature weighting for ordered mechanisms,
advances the field of ordered mechanisms. And, this paper provides
a new method in the application field where there is a lot of noise in
the dataset.

CONCLUSION

This paper introduces a beta distribution weighted fuzzy C-ordered-
mean clustering algorithm, BDFCOM. The algorithm inherits the
ordered mechanism of the FCOM-like algorithm to ensure robustness
while adopting a novel approach to ordering feature attributes through
range normalisation and obtaining ordered weights using the Beta
Distribution. Experiments were conducted on six real and noisy
datasets to assess the clustering efficacy. The results demonstrate that
BDFCOM consistently exhibits superior performance across various
evaluation metrics, including F1-Score, Rand index, adjusted Rand
index, Fowlkes-Mallows index, and Jaccard index, as compared
to FCM, PCM, FCOM, FWFCOM, LKFCM LK, LKFCM FS§,
and ANNDP WFCM. Moreover, BDFCOM showcases enhanced
robustness to noise data. Furthermore, compared to FCOM and
FWFCOM, BDFCOM addresses the computational inefficiency
inherent in FCOM-like algorithms.
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Although beta distribution has improved the ordered mechanism,
the weight calculation is still more complicated than other FCM
algorithms, which can continue to be optimised afterwards; moreover,
the parameter sensitivity in beta distribution is also an issue worth
exploring, and this aspect will be researched afterwards.
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