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ABSTRACT

This study proposed to evaluate the performance of the Alexander-
Govern test (4G fest), Analysis of Variance (ANOVA), and t-test by
analyzing the Type I error rate. The AG test is regarded as a reliable
control Type I error rate. This technique is insensitive in the presence
of heteroscedasticity under a normal distribution. Simulation research
was carried out using Statistical Analysis Software (SAS) to assess
the effectiveness of the tests that are based on the rate of Type I
error. By creating the conditions that could highlight the strengths
and weaknesses of each test, three variables are being manipulated:
sample size, variance heterogeneity, and type of pairings. The
performance of the AG tests is convincing when it is able to control
the Type I error rates better compared to ANOVA under all conditions
of heterogeneous variances. Meanwhile, the ANOVA performs best
only when the variances are homogenous. A real data experiment was
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applied to validate the result. In the battery life design experiment, the
p-value using the AG test and ANOVA are computed and compared.
The AG test provides valid results when it can test the main effect and
the interaction effect, as well as the ANOVA. With good performance in
the simulation study, the AG test can be considered a good alternative
to the ANOVA when the assumptions of the homogeneity of variances
are violated in the case of factorial design.

Keywords: Alexander-Govern Test, ANOVA, Normality Distribution,
t-test, Type I error rate.

INTRODUCTION

Traditional methods, such as the #-test and the Analysis of Variance
(ANOVA), are commonly used to compare the independence of two
groups and more than two groups, respectively, and are always
favoured by researchers. Based on a sample of data, the #-test
determines whether there is a statistically significant difference
between the means of the two groups. When conducting a #-test, it
is typical to make the following assumptions: the measuring scale,
random sampling, normality of the data distribution, sufficiency of
the sample size, and equality of variance. When data invalidates the
assumptions, the #-test may not be reliable.

Meanwhile, ANOVA is a classic test for comparing three or more
means. The assumptions needed are almost the same as those for
the t-test, where data need to be normally distributed, samples are
independent, and variances are homogeneous. Since these tests have
similar assumptions, their ability to identify any differences will be
disrupted by the same problems, such as unequal variances. Both tests
have poor control of Type I error rate when data is not homogeneous.
In the case of unequal variance, also known as heteroscedasticity,
the Welch t-test is the common option to the classical #-test. For the
case of more than two groups, various tests were introduced, such as
the Welch test, James's test, and the Alexander-Govern test (4G test)
(Ochuko et al., 2015c).

Alexander and Govern (1994) invented the AG test to test the
equality of k-independent means in the case of variance heterogeneity
(Abdullah et al., 2014). The test compares samples from two or more
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groups, possibly of varying sizes, and deals with unequal variance.
For variance heterogeneity in normal data, the AG test provides
excellent control of Type I error rates (Schneider & Penfield, 1997).
This test, however, is not robust to non-normal data because it cannot
handle noisy data or outliers when sample sizes are unequal (Ochuko
etal., 2015a).

In terms of data distribution, researchers commonly refer to the
central limit theorem to assume their sample is normally distributed.
This theorem needs a sufficient sample size that is at least 30. In
many conditions in the real-life situation, a large sample is hard to
attain. In some cases, only small data is available. The ¢-test, which
usually handles a small sample, will have no problem as long the data
is normally distributed. However, when it is not normal, it will affect
the ability of the #-test to control the Type I error. Consequently, the
result is questionable.

The worst-case scenario is when both assumptions, the homogeneity
of variances and normal distribution, are violated. Some practitioners
failed to check the necessary assumptions and abused the tests under
the violation of the assumptions. Consequently, any decision based
on the abused tests will not provide the supposedly needed solution.
According to Ochuko et al. (2015b), non-normality and variance
heterogeneity are obstacles to ANOVA. This increases the likelihood
of Type I errors while decreasing power (Ochuko et al., 2015a).

As mentioned previously, the classical z-test and ANOVA are the most
used tests when comparing means between independent groups and
are widely used in various fields. In experiments, for instance, these
tests provide useful information to identify the significant differences
between the tested treatments. Montgomery (2020) provided
various experimental designs with their respective analyses. Correct
experimental design can reduce variations in the data, leading to better
analysis of the treatment effect. It also reduces the tendency to have
heterogeneous variances in the data. However, heteroscedasticity can
still occur, especially when the sources of the variation are unknown.

The factorial design of experiments is one of the important designs
used to investigate the effects of different factors on the response
variable (Montgomery, 2020). Hence, the extended ANOVA is used
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to investigate the main effects of different factors and the effect
of the interaction between the factors. Even though variances are
assumed to be equal, due to less information on the sources of
variation, the condition of heteroscedasticity still can occur. Under
this circumstance, the accuracy of the results based on the common
extended ANOVA might be jeopardized. To date, the use of other tests,
such as the AG test, is not common in the field of experimental design.
No references were found to investigate the implementation of the
AG test, specifically in the case of factorial design. Hence, this study
initiated some simulation trials to identify the AG test’s performance
based on the Type I error rates in analyzing the main effects of the
factors and the interaction in the factorial design. Note that the analysis
of the real-data experiment was applied to validate the AG test.

RELATED WORK

Factorial designs are the most efficient design in experimental studies
on the effect of at least two factors (Antony, 2014; Nguyen etal., 2019).
It allows investigation in each trial of replication of the experiment of
all possible combinations of the levels of the factors (Montgomery,
2020). Crawley (2012) stated that factors are frequently used to
represent statistical blocks where these are internally homogeneous
units in which each experimental treatment is repeated.

The ANOVA analyses the effect of the investigated factors on the
response variable by comparing the means. It assumes variances of
all groups are homogeneous, where the accuracy of the results also
depends on the assumption of normal data distribution. It is employed
to determine whether the measure of the means is equal and is resistant
to minor deviations from normality, especially when the sample size
is sufficient to ensure normality (Allen, 2017; Crawley, 2012; Hodzi¢
& Islamovi¢, 2020). Allen (2017) stated that ANOVA is particularly
sensitive to the homogeneity of variance assumption. Therefore, when
there is a violation, the analysis’s findings could be incorrect since the
p-value might become excessively large or too conservative.

On the other hand, the AG test is used as the alternative to the ANOVA
to deal with unequal variance (Abdullah et al., 2011; Jamaluddin,
2015; Ochuko et al., 2015c, 2015a). The AG test provides excellent
control of Type I error rates for variance heterogeneity in normal
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data. Integration of the AG test with some robust estimators, such as
trimmed mean, enhances its ability to better control the Type I error
rate under non-normal data. It has been tested in several studies using
simulation and some real-world data validation (Ochuko et al., 2015¢).

Testing the effect of at least two factors needs more advanced
ANOVA. Montgomery (2020) explained that the usage of two-way
ANOVA, or more, depends on how many factors are investigated. The
variances are assumed to be homogeneous as long as they follow the
design procedures. However, in some cases, the variances can still be
heterogeneous. Under this condition, the result from the ANOVA can
be questionable. Hence, the use of the AG test is believed to be able
to handle the problem of variances heterogeneity. However, to date,
no articles have been found related to the study of the implementation
of the AG test in analyzing factorial design. Mendes and Yigit (2013)
used transformation techniques and modification on the mean to
investigate the effect of the interaction in a factorial design, which
involved the case of variances heterogeneous. Their techniques
improved the control of Type I error rate, but as mentioned in various
research papers such as Abdullah et al. (2014), transformation
sometimes cannot handle the heterogeneity of variances, and, in
addition, the technique is quite complicated.

The Type I error is a false positive when using any statistical tests,
where the error happens when the null hypothesis is rejected while it
is false. Evaluating the performance of statistical tests using the ability
of the test to control the Type I error rates is common (Abdullah et al.,
2011, 2014). A good test is considered if it is able to control the Types
I error rates if the error rates fall from 0.5 a to 1.5a as a is the level of
significance (Bradley, 1978). For example, a test is deemed robust if
the empirical Type I error rates fall within the range of 0.025 to 0.075
because the significance level in this study is set to 0.05. According to
Jamaluddin (2015) and Wilcox (2003), when the Type I error rate is
less than 0.025, the test is conservative; when it is greater than 0.075,
the test is liberal.

METHODOLOGY

This paper will investigate the performance of the AG test in testing
the effect of factors via factorial design. As discussed previously, the
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ANOVA, which is commonly used in the factorial design, is restricted
by the assumption of homogeneity variances. The AG test is utilized to
overcome this problem. This chapter explains the procedure to employ
the AG test in analyzing a factorial design experiment, specifically
identifying factors affecting the response variable. To observe the
performance of the 4G test in the use of factorial design, a simulation
study was done to monitor the performance of the AG test based on
the Type I error rate. This simulation study was designed properly by
manipulating some variables, as described in the following sections.
The simulation was designed to closely mimic the real experimental
conditions. The AG test was then validated using real-life data
obtained from a previous study of the battery life experiment.

The AG Test in Factorial Design

Alexander and Govern (1994) introduced the AG test, which has been
used to compare two or more groups by utilizing the mean as a gauge
of central tendency. Note that this test is able to control the Type I error
rate and has high power in the presence of variance heterogeneity

for normal data. Nevertheless, it is not resilient to non-normal data
(Ochuko et al., 2015c¢).

The formula of the AG test is as follows:

The standard error of each jth sample is calculated as

n]' —
Yo (Xi—X))?
nj(n]-—l) :

(1

For each of the jth samples, the weight, w; is calculated so that the
ZW] =1:

1/}
w; = .
U VIRV 2

Then, using the weight, w;, the weighted- mean, x+ is estimated:

X+ =3l wX, 3)

The statistic t; for a sample is determined as:

¢ ==X (4)
] Sj
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The t; is distributed to 7 distribution with ¢; = n; — 1 degree of freedom.

Each of the ¢; will be normalization transformed to get the z;.

(c®+3c)  (4c7+33c5+240c30+855¢) (5)
b (10b2+8bc*+1000b) '’

where c=[aIn(1 +t//v;]"/?;b=48a? and a=v; - 0.5.

Zj=C+

The test statistics, AG, is obtained by the summation of the Z; glven
as follows:

AG = 3], 7. (©)

The test statistic, AG, is assumed to distribute as a chi-square
dlstrlbutlon with J-1 degrees of freedom since the AG is bigger than
X7 J—2> the null hypothesis will be rejected.

The Design of Data Simulation

The design of data simulation is based on several variables, such as
the number of groups, sample sizes, variance values, and types of
distributions. This project focused on two factorial designs with two
levels for the first and three for the second. It produced a combination
of six treatments. Therefore, the number of groups used is six in the
simulation data. In an experiment, sample sizes were restricted to
the number of experimental units. To set on the sizes of sample, this
simulation used the range of small sample (#n = 5), moderate sample
(n=20), and large sample (n = 30).

Data is generated using the SAS generator RANNOR, which allows
random sampling from a standard normal distribution. To obtain the
random sample, the mean of the distributions was set to 0 to make sure
the null hypothesis was true. As for the variances, considering the six
groups of treatments, they were either homogeneous or heterogeneous.
The combination of all these variables produced conditions where, in
total, there will be 24 conditions altogether.

Type I Error Rate.

The performance of the 4G test was evaluated based on its ability to
control the Type I error rate using simulation. The null hypothesis was
set as all the compared means equal to 0.
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Hoipy =pp =pz == =0
H;: At least 1 mean is not equal to 0

The AG test was calculated for each simulation. This process was
repeated 5000 times using SAS to generate the p-value using the
standard chi-square distribution table with J -1 degree of freedom.
The value of the significance level was set to 0.05, meaning it is
acceptable to have a chance of 5% of making a Type I error. The
test is deemed significant if the p-value for the AG test is less than
0.05. Otherwise, the test is not significant. From all 5000 times of
simulation, the number of rejected tests was counted, and the ratio of
this number is considered the Type I error rate. Based on Bradley’s
criteria, as discussed previously, the acceptable control range of the
Type I error rates is between 0.025 and 0.075. Note that values outside
the range indicated the test failed to control the Type I error (Ochuko
et al., 2015c).

The Real-data Experiment

To validate the AG test in the case of factorial design, data from
an experiment with a two-factor factorial design was chosen. The
experiment investigated the effect of two factors, i.e., materials and
temperature, on the life of batteries (Montgomery, 2020). Three
materials were used and denoted as type 1, 2, and 3, while two
temperature levels were 15°F and 125°F. Four batteries (uniform
in size) were tested at each combination of the material types and
temperature levels, which made 24 tests run in random order. Table 1
displays the observations from this experiment.

Table 1

The Battery Life (in hours) for the Battery Design Experiment

Temperature (°F)

Material Type s s
130 20
74 82
! 155 70
180 58
(continued)
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Temperature (°F)

Material Type 3 s
150 25

) 159 58

188 70

126 45

138 96

3 168 104

110 82

160 60

Source: Montgomery (2020).

The hypothesis involved in this experiment can be divided into the
main effect factors and the interaction between the factors. It can be
written as

i. Main effect

Types of materials

Ho:py = pip = iz
Hy: At least 1 mean battery life using dif ferent material is not equal

Temperature

Ho: s = s
Hy: The mean of batery life under temperature 15 is not equal with 125

ii. Interaction effect

Ho: 115 = Uo15 = P15 = H1,125 = Uz125 = U3,125

H,: At least 1 mean battery life using dif ferent materials and

temperature is not equal

In a two-way ANOVA, the best estimate of 62is a Mean Square Error
(MSE). The MSE is the test statistic’s denominator, and the numerator
is the mean sum of squares for each main factor and interaction term.
The F-statistic is used to answer the alternative hypothesis. The
F-values for the ANOVA and AG tests were calculated manually in
Excel as well as SPSS software to compare the accuracy of the results.

In conducting a two-way ANOVA, the hypothesis regarding the
interaction effect needs to be tested first. If the null hypothesis of no
interaction is rejected, then there is no interpretation of the results of
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the hypotheses involving the main effects. If the interaction term is
insignificant, then the two main effects must be examined separately.
Before performing the ANOVA test, there were a few assumptions:
(a) The samples are independent, (b) Each sample is from a normally
distributed population, and (¢) This test assumes homogeneity of equal
variances. Using SPSS software to check the homogeneity of variance,
Levene’s and Breusch-Pagan’s tests were applied. Levene’s test is a
useful tool for assessing the homogeneity of variance assumption in
ANOVA and other statistical analyses. Nevertheless, it should be used
cautiously and in conjunction with other diagnostic procedures, such
as residual and normal probability plots.

The Breusch-Pagan test is useful for assessing the assumption of
homoscedasticity in a linear regression model. However, like any
statistical test, it should be used in conjunction with other diagnostic
tools, such as residual plots, to ensure the validity of the results.
Consequently, before performing the ANOVA test, the normality of
distribution was validated by the Shapiro-Wilk test. If the p-value
associated with the test is less than the alpha = 0.05, we reject the null
hypothesis and conclude that the data set is not normally distributed.
Before getting the value for the Shapiro-Wilk test, a standardized
residual was calculated.

ANALYSIS AND RESULTS

This section provides findings, the analysis from the simulation study,
and the real data. The simulation study used to obtain the Type I error
rates which were used to evaluate the performance of the 4G test
compared to the ANOVA under various conditions, were set to tally
with the conditions of the real data. Table 2 displays the result of the
Type I error rates according to the effect of the factor, either the main
effect or interaction, as stated in the first column. It is followed by
the second column, which refers to the factor itself, where a single
factor is used to investigate the main effect, and the combination of at
least two factors investigates the interaction effect factors. The sample
sizes, as stated in the third column, provide the sizes of the generated
sample for each level of the factors. For instance, the first sample sizes
of the first row stated (3, 3), which refers to factor 1 with two levels
and three sample sizes for each of the levels. The fourth column is the
value of the variance set, and the last two columns are the Type I error
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rates with respect to the AG test, the t-test (for two groups), or ANOVA
(more than two groups).

Results of the Simulation Study

Based on the results in Table 2, the Type I error rate for the study on
the main effects can be seen in the case of two groups (for two levels
of factor one) and three groups case (for three levels of factor two).
All the bolded values are the Type I error rates that lie within 0.025
to 0.075, indicating the test can control the error. For the case of two
groups, regardless of whether the sample sizes are balanced or not, as
expected, the #-test provides the best control of the Type I error rate
under the homogeneous variance. At the same time, the Type I error
rates of the 4G test are also considerable. However, when the variances
are not equal, under all conditions, the #-test fails to control the Type
I error rate with a value greater than 0.075. Meanwhile, the Type 1
error rates of the AG test are still within the values 0.025 and 0.075
under all conditions. In testing the main effect of the three groups’
conditions, the ANOVA can only control the Type I error rates if the
variances are homogeneous. Hence, the AG test has better control of
Type I error rates in all conditions.

The effect of interaction between the two factors was simulated by
combining the levels of each factor, which made six combinations
altogether. Under this condition, the performance of the ANOVA was
slightly different compared with the previous conditions. Under the
conditions of balanced sample size, the ANOVA is only able to control
the Type I error rates when variances are homogeneous. However,
when the sample sizes are unbalanced, the Type I error can still be
controlled regardless of the homogeneity of variances if the nature of
the pairings is positive. Meanwhile, the 4G test has better control of
the Type I error rates in all conditions.
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Table 2

Data Simulation Results

Type I Error Rate
Tl}z;f;frect Factors S:lir;lé)sle Variance P
AG test  t-test/ANOVA
.3 11 0.0312  0.0506
1,36 0.0550  0.0924
Factor 1 55) 11 0.0406  0.0512
(level 1, ’ 1,36 0.0528  0.0800
level 2) 1,1 0.0554  0.0528
(5,25) 1,36 0.0514  0.0006
36,1 0.0498 0.404
Main (333) 11,1 0.0340  0.0530
effect = 1,1,36 0.0404  0.1316
1L1,1 0.0502  0.0536
Factor 2 .5,5) 1,1,36 0.0498 0.1134
(11:::11 21 L1 0.0544  0.0494
level 3) 1,1,36 0.0536  0.0048
(5. 15, 30) 36,1,1 0.0466  0.4118
1,9,36 0.0448  0.0088
36,9,1 0.0500  0.3438
LLLLLL  0.0546  0.0472
(55,5555 1,1,1,1,1,36 0.0542  0.1546
1,4,4,16,1636 0.0586  0.0866
Interaction ractor 1 and LLLLLL  0.0548  0.0526
effect Factor 2 1,I,1,1,1,36  0.0562  0.0478

(6 treatments) (5,15, 15

25’ 25, 30) 1,4,4,16,16,36 0.0556 0.0272

36,1,1,1,1,1  0.0528 0.4356
36,16,16,4,4,1 0.0554 0.2778

Real-Data: Validation of the AG Test

To validate the AG test, real data, as displayed in Table 1, was used to
calculate the p-value and make a comparison with the ANOVA.

Descriptive Analysis

From the experiment to investigate the effect of materials and
temperature on the battery’s life, Figure I summarizes the observed
data of the battery’s life in a boxplot.
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Figure 1

Boxplot of the Battery s Life Based on Different Materials

200
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100
80
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20
0

Wi
=
Il 3

From Figure 1, the effect of different materials (material types 1, 2,
and 3) did not produce much difference in the lifetime of the batteries
where the boxplots are all at the same height.

Figure 2

Boxplot of the Battery s Life Based on Different Temperatures

200
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80
60
40
20
0

W 15
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Figure 2 displays the battery life based on different temperatures
(15°F and 125°F), showing that the battery life at 15°F is higher than
at 125°F. The boxplots of the battery life for both temperatures also
display balance whiskers representing normal distribution.

To see if any interaction between the two factors occurs, Figure 3
illustrates the life of the batteries respective to the types of materials
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and temperatures. To understand the interaction, the failure of one
factor to produce the same effect on the response at different levels of
another factor can be seen. Based on Figure 3, the effect of different
types of materials on the life of batteries is the same as the effect of
temperature at different levels. Hence, it is believed that no interaction
occurs between the types of materials and temperatures.

Figure 3

Plot of the Battery’s Life Based on Different Materials and
Temperatures

Estimated Marginal Means of Battery Life

160.00 Material
Type
——1.00
——2.00

3.00

140.00
120.00

100.00

80.00

Estimated Marginal Means

60.00

15.00 125.00

Temperature

Testing the Assumptions: Variances Homogeneity and Normality

Before performing the ANOVA test, one needs to check the assumptions.
The homogeneity of variances was tested using Levene’s test and
Breusch-Pagan. While the normality was checked using the Shapiro-
Wilk test. Table 3 illustrates the result of the test. Both tests, the
Levene test and the Breusch-Pagan test, show insignificant p-values,
indicating all variances are homogeneous. For testing normality, Table 4
shows the result of the Shapiro-Wilks test with the p-value of 0.557,
which is sufficiently large to indicate that the hypothesis of normal
distribution cannot be rejected.
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Table 3

Test of the Homogeneity of Variances

Levene
Statistic dfl  df2  Sig.
Battery Based on Mean 765 5 18 .587
Life Based on Median 670 5 18 .651
Based on Median and with adjusted df  .670 5 11.413 .654
Based on trimmed mean 759 5 18 .591
Homogeneity Tests P-value Significant
Modified Breusch-Pagan Test 0.281 No
Breusch-Pagan Test 0.301 No
F Test 0.301 No
Table 4
Test of Normality
Normality Tests P-value Results
Shapiro-Wilk 0.557 Do not reject the null hypothesis

The Effect of Different Types of Materials and Temperature on
the Life of the Batteries

Table 5 shows the results of the AG test and the two-way ANOVA for
the effect of the types of materials and temperatures on the life of
batteries. The results indicate almost the same results produced by the
AG and ANOVA. For the main effect of materials, both tests indicated
no significant effect of the different types of materials on the life of the
batteries. However, when testing the temperature, the results between
both tests were slightly different. Figure 2 clearly shows that lower
temperatures produced more life for the batteries. Based on Table 5,
the ANOVA test produced a significant result with a very small p-value,
with the significance level being up to 0.01 compared to the AG test,
which was only significant at 0.1. It needs to be reminded that based
on Table 2, the simulation results of the 4G test show conservative
Type I error rates (lower than 0.05) but still acceptable (within 0.025
to 0.075) under conditions of two groups, balanced sample sizes with
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homogeneous variance. From these results, it can be said that the AG
test is valid for use.

Table 5

Two-way ANOVA

AG test ANOVA
The effect
p-value p-value
The main effect of the material type 0.951 0.4303
The main effect of the temperature 0.0639 0.000002
Interaction 0.0907 0.2649
CONCLUSION

This study aimed to identify the AG test’s performance when
implemented into the analysis of factorial design, where this study
focused on the two factors of factorial design. The simulation
study showed that the AG test outperformed the ANOVA for better
controlling the Type I error rates when variances are heterogeneous
regardless of the number of groups and sample sizes. The performance
of the AG test under homogeneous variances can be considered good.
Nevertheless, ANOVA still provides the best. In real data analysis, the
AG test is able to investigate the effects of the types of material and
temperatures on the life of the batteries. It is the alternative to the
ANOVA, especially when variances are heterogeneous.
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